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The combination of flavor symmetries with grand unification is considered: GUT × flavor .
To accommodate three generations the flavor group SO(3) is used. All fermions transform as 3-
vectors under this group. The Yukawa couplings are obtained from vacuum expectation values
of flavon fields. For the flavon fields (singlets with respect to the GUT group) and the Higgs
fields (singlets with respect to the generation group) a simple form for the effective potentials is
postulated. It automatically leads to spontaneous symmetry breaking for these scalar fields. Discrete
S4 transformations relate the different locations of the minima of the potentials.These potentials
can be used to describe the hierarchy of the well known up quark mass spectrum. Also the huge
hierarchy of the masses of the Higgs fields in grand unified models can be parametrized in this way.
It leads to a prediction of the mass of the lightest Higgs boson in terms of its vacuum expectation
value v0: mHiggs =
v0√
2
= 123 GeV .
I. INTRODUCTION
Grand unified theories [1] (GUT) provide a clear understanding of the structure and the quantum numbers of the
standard model. Because of the existence of 3 generations any GUT symmetry should also be extented by a flavor
symmetry. The simplest extention uses the direct product GUT× Flavor.
There are three major flavor puzzles: i) The extreme smallness of the standard model Higgs and fermion masses
compared to the grand unification scale or the mass scale of the heavy neutrinos and other very heavy states. ii) The
hierarchy of the fermions themselves as is manifest from the very different values of the up quark masses. iii) the
mixing parameters observed for quarks and neutrinos and their difference.
In the literature there are many suggestions for a solution of these puzzles, in particular supersymmetry
combined with flavor symmetry or the use of extra dimensions with the idea of different wave functions on the
bulk. However, the results of most models presented in the literature can not be applied here because of their use
of different representations of the flavor group in the quark and lepton sectors or for particles and antiparticles:
In GUT’s considered here, SO(10) and E6, the fermion fields belong to a single irreducible representation of the
GUT group. Thus, all fermions have to belong to a unique representation of the flavor group. For our purpose this
also excludes models which, for instance, have different Frogatt-Nielson charges for up and down quarks. Only few
attempts are based on the combination of GUT and flavor symmetries, notably [2],[3],[4],[5]. In these papers flavor
quantum numbers are assigned to Higgs fields as well as to the fermions. In [6], on the other hand, the Higgs fields
are taken to be flavor singlets and particle mixing arises directly from an antisymmetric flavon field combined with
an antisymmetric Higgs field. The latter also provides for the tiny mixings of the standard model fermions with high
mass states.
In all these models the scalar fields (Higgs and flavon fields) are least understood. The reason is that scalar fields
are strongly influenced by the structure of the vacuum or, possibly, by its bound state character. So far, no complete
understanding of the scalar sector is in sight and no invariant potentials causing the required symmetry breaking
could be given. In this situation it may be worthwhile to have a phenomenological form - an effective potential -
which automatically leads to minima at positions which one can easily fix. These effective potentials should allow
to describe even very large hierarchies like the one occurring between the vacuum expectation value of the standard
model Higgs and its high mass partner in a GUT.
In this article it is shown, that a very simple form of potentials are suited for this purpose. These effective potentials
are fully invariant and need only few parameters which have to be tuned. Applications important for the three flavor
puzzles mentioned above are given.
In section 2 the spontaneous breaking of the flavor group SO(3) is treated by starting from a flavon field
which is symmetric in flavor indices. A flavor invariant potential is constructed. With appropriate parameters its
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2minima provide for spontaneous symmetry breaking corresponding to the well known hierarchy of the up quark masses.
In section 3 we add a flavon field which is antisymmetric in flavor indices.The potential obtained is suited for
the vacuum expectation values wanted for a quantitative description of quark and neutrino mixings in the E6 GUT
model [6] .
In section 4 we deal with the SU(3)L × SU(3)R Higgs field needed in E6 [6] which appears at the scale of the
electro weak unification. Its minima should simultaneously give the scale of the top quark, the bottom quark and the
high mass of the heavy down quark type fermion (related to the heavy ”right handed” neutrinos). It is shown that
these masses can be described by the suggested form of the potential. At the same time one also gets the huge split-
ting between the low and high masses of the Higgs field and even a prediction for the mass of the standard model Higgs.
II. FLAVOR SYMMETRY BREAKING AND THE UP QUARK HIERARCHY.
To accommodate 3 generations we use the flavor group SO(3). All fermions transform as vectors with respect to
this group. The product of two fermions in the Yukawa interaction then transform as ”1”+ ”5” representations for a
symmetric combination and as a ”3” for the antisymmetric combination. To obtain an invariant interaction there is
then the possibility to give all Higgs fields generation indices. But this generally increases their numbers drastically.
Instead, one can interpret the coupling matrices multiplying the Higgs fields as vacuum expectation values of new
scalar fields (flavons), which are GUT singlets but carry the necessary generation quantum numbers. We choose here
the second alternative and thus keep the Higgs fields to be singlets in generation space.
Using left handed two component Weyl fields ψα for the fermions (with α = 1, 2, 3 denoting the generations), the
Yukawa interaction is of the form
LeffY =
〈Φαβ〉
M
(ψαTHψβ) + .. (II.1)
Φαβ describes real flavon fields, H a Higgs field, and M gives the scale at which the effective Yukawa interaction of
dimension 5 is formed. In (II.1) GUT indices are suppressed.
Clearly, Yukawa interactions of this form are effective ones and have to be understood on a deeper level. However,
in this article I will be concerned with the phenomenology of the effective Yukawa interaction only. The lowest
Higgs representations (”10” in SO(10) and ”27” in E6) are symmetric representations. Thus, for these Higgs fields
the Pauli principle requires a symmetric representation for the flavon fields connected with them, i.e. ”1” and ”5”
representations with respect to SO(3). We describe this part of the flavon field Φ by a real and symmetric 3×3 matrix
χα,β . By an orthogonal transformation, which can be absorbed by the fermion fields, this matrix can be taken to be
diagonal as in [6]. This choice defines a direction in symmetry space for a possible spontaneous symmetry breaking.
Φαβ ⇒


χ1 0 0
0 χ2 0
0 0 χ3

 . (II.2)
There still remains the freedom of such SO(3) transformations which keep χ diagonal. This remaining symmetry
is necessarily a discrete subgroup of SO(3). It is the group S4. This group simply permutes the χ fields together
with the fermion generations. S4 has been suggested as a symmetry or intermediate symmetry in many publications
starting with [7], discussing S4 invariant Higgs potentials [8] etc. In our treatment S4 plays a different role. As we
will see, it will not occur as an intermediate symmetry which is finally broken. The proposed potential will fully
break SO(3) in one step. But obviously, because of the complete SO(3) invariance of the potential which we have to
construct, each S4 permutation of the χ values at the minimum of the potential will also be a minimum.
The part of the Yukawa interaction (II.1) with (II.2) does not induce particle mixing. Instead, it determines the
hierarchy of the fermion masses. The effective potential we are looking for should describe the mass spectrum of the
up quarks. (The spectrum of the down quarks and charged leptons is closely related to the up quark spectrum at
least in the E6 model of ref. [6]). Let us then consider three SO(3) invariants formed from the matrix χα,β
J1 = (Tr[χ])
2, J2 = Tr[χ · χ], J3 = Tr[χ · χ · χ · χ] . (II.3)
3These invariants can now be used to form the effective potential suggested here:
V (χ) = c1M
2J1 (log
J1
µ2
1
− 1) + c2M2J2 (log J2
µ2
2
− 1) + c3J3 (log J3
µ4
3
− 1) . (II.4)
M describes the scale of the field χ. To get simple expressions for the final results the numbers ”-1” are not
incorporated into the log terms. Now the values of µ1, µ2 and µ3 fix the minima 〈χ〉 of the potential. The coefficients
c1, c2, c3 are not relevant for the positions of the minima but have to be non vanishing positive numbers. They affect
the strength of the second derivatives of V (χ). These second derivatives of V form a 3 × 3 matrix which is positive
definite at χ = 〈χ〉 (for properly chosen signs of the invariants) .
Let us require that a minimum occurs at 〈χ1〉/M = mu/mt = σ4, 〈χ2〉/M = mc/mt = σ2 and 〈χ3〉/M = 1 with
σ = 0.050 which pretty well describes the hierarchy of the up quark masses [6]. The values of the parameters µ in
(II.4) are easily obtained by requiring
∂V
∂χ1
= 0,
∂V
∂χ2
= 0,
∂V
∂χ3
= 0 (II.5)
taken at the above values for the 〈χ〉’s. One finds:
µ2
1
= 〈J1〉 = (1 + σ2 + σ4)2 M2, µ22 = 〈J2〉 = (1 + σ4 + σ8) M2, µ43 = 〈J3〉 = (1 + σ8 + σ16) M4. (II.6)
Here 〈Ji〉 denotes the value of Ji at the designed minimum. Thus, the potential obtained has a minimum at the
required position. Spontaneous symmetry breaking is induced. The same minimum appears at positions obtained by
permutations of the three χ values according to the S4 symmetry in our diagonal basis.
The eigenvalues of the matrix for the second derivatives at the minimum give the square of the masses of the flavon
fields. They depend on the coefficients c for which no reliable theory is available. But because of the importance
of the magnitude of the flavon masses a meaningful suggestion may be useful: Let us consider the three different
potentials occurring in (II.4) separately. The second derivatives at the minimum of the ith potential forms a 3 × 3
matrix which will be denoted by ciLi. It has two zero mass eigenvalues and one non vanishing eigenvalue. The latter
can directly be obtained from the trace of ciLi and is equal to the square of the mass of the flavon field in case no
other potential term is present. It is then suggestive to identify this term with the mass scale µi. This way one can
find the coefficient ci which ”normalizes” the i
th potential.
ci =
µ2i
Tr[Li]
. (II.7)
The full potential is now taken to be the sum of these ”normalized” potentials with equal weights. This strong
assumption is clearly highly speculative but worth trying. It is a kind of a ”bootstrap” condition for the coefficients
occurring in (II.4).
From(II.7) one gets
c1 =
1 + s2 + s4
12
, c2 =
1 + s4 + s8
4
, c3 =
1
16
(1 + s8 + s16)3/2
1 + s12 + s24
. (II.8)
By adopting these coefficients one finds for the flavon masses from (II.4) and (II.6)
M1
M
= 1.57,
M2
M
= 0.736,
M3
M
= 0.00125. (II.9)
The strength of V at the minimum is −0.396 M4.
III. FLAVOR SYMMETRY AND MIXINGS.
The flavon fields Φ coupled to the fermions in the effective Yukawa interaction will also have a part antisymmetric
with respect to SO(3) flavor indices. As mentioned above it is a ”3” of SO(3). It can only go together with the
antisymmetric Higgs representations ”120” in SO(10) and ”351” in E6. It clearly leads to generation mixing.
4E6 has the advantage that generation mixing can be combined with the mixing of standard model particles with heavy
states, necessary in all GUT models.
The corresponding flavon field is described by the antisymmetric 3 × 3 matrix field ξα,β which we take to be
hermitian:
ξ := i


0 ξ3 −ξ2
−ξ3 0 ξ1
ξ2 −ξ1 0

 . (III.10)
The potential to be constructed should lead to vacuum expectation values for the fields in (III.10) in the basis in
which the matrix χ is diagonal. In this basis, one has again the discret symmetry S4 which simultaneously permutes
the entries in ξ as well as those in χ. In order to obtain a potential having a minimum which fixes all 6 flavon fields
remaining in this basis one needs 3 additional invariants. They are chosen to be
J4 = Tr[ξ · ξ], J5 = Tr[ξ · χ · ξ · χ], J6 = Tr[ξ · ξ · χ · χ]. (III.11)
For the total potential we simply add the corresponding terms:
V (χ, ξ) = V (χ) + c4M
′2J4 (log
J4
µ2
4
− 1) + c5J5 (log J5
µ4
5
− 1) + c6J6 (log J6
µ4
6
− 1) . (III.12)
As in section 2, it is easy to force this potential to have a minimum at prescribed values by simply putting all first
derivatives equal to zero at the required positions 〈χ〉 and 〈ξ〉. One obtains
µ24 = 〈J4〉, µ45 = 〈J5〉, µ46 = 〈J6〉. (III.13)
Thus one can choose vacuum expectation values for χ and ξ which can be used in GUT models in order to describe
simultaneously the fermion hierarchy and the fermion mixings. Again, the same minimum of the potential occurs for
simultaneous S4 transformations of 〈χ〉 and 〈ξ〉 . Notably, the V (χ) part of the total potential remains unchanged.
However, the matrix for the second derivatives is now a 6× 6 matrix with 6 positive eigenvalues.
To be able to calculate the 6 boson masses one needs besides (II.8) the coefficients c4, c5, c6. Based on the speculation
mentioned in section 2 one may use again (II.7) and then obtains
c4 =
〈ξ1〉2 + 〈ξ2〉2 + 〈ξ3〉2
4M ′2
, c5 ≃ s
3〈ξ1〉3M√
2 (〈ξ1〉4 + 〈ξ2〉4)
, c6 ≃
√
〈ξ1〉2 + 〈ξ2〉2M
4 (M2 + 〈ξ1〉2 + 〈ξ2〉2) (III.14)
For simplicity c5 and c6 are approximated by taking only the smallest power in s. The potential (III.12) is now fixed.
In [6] - in the framework of an E6 model - values for 〈χ〉 and 〈ξ〉 are used together with only a few more parameters
for a quantitative fit for the masses, mixings and CP properties of all fermions. In this E6 GUT a Higgs field in the
”27” representation of E6 connects low and high scales. In the next section the potential approach is applied to the
important SU(3)L × SU(3)R part of this field.
IV. HIGGS FIELDS WITH LOW AND HIGH SCALE VACUUM EXPECTATION VALUES.
An interesting example of a scalar Higgs field in a GUT is the field H27, the irreducible ”27” representation of E6.
In [6] the breaking of E6 leads to the intermediate symmetry SU(3)L × SU(3)R × SU(3)C . It covers the region from
≈ 2 · 1013 GeV (the point of electro weak unification) up to the complete gauge group unification at ≈ 1017 GeV .
The vacuum expectation values of H27 necessarily occur in the SU(3)L × SU(3)R part. Thus, we can study the
corresponding 3× 3 matrix field Hik where the index i transforms as an upper index with respect to SU(3)L while the
lower index k transforms according to SU(3)R. The indices i = 1, 2 are the SU(2)L indices of the standard model.
By absorbing transformations and phases by the fermion fields one can choose a basis in which Hik is diagonal and
contains only real and positive elements:
Hik ⇒


H1 0 0
0 H2 0
0 0 H3

 . (IV.15)
5H1 couples to the top quark, H2 to the bottom quark and H3 to the heavy standard model singlet down quark state
D. Furthermore, the vacuum expectation value of H1 is to be identified with the vacuum expectation value of the
standard model Higgs: 〈H1〉 = v0 = 174 GeV . Thus, the SU(3)L × SU(3)R Higgs field H should have the vacuum
expectation values (see [6])
〈H1〉 = v0, 〈H2〉 ≈ mb, 〈H3〉 ≈ mD ≈ 2 · 1013 GeV . (IV.16)
By our suggested form of effective potentials this can easily be achieved. Defining the SU(3)L×SU(3)R invariants
Y1 = Tr[H ·H†], Y2 = detH, Y3 = Tr[H ·H† ·H ·H†], (IV.17)
the potential is taken to be
V (H) = c1M
2Y1 (log
Y1
µ2
1
− 1) + c2MY2 (log Y2
µ3
2
− 1) + c3Y3 (log Y3
µ4
3
− 1). (IV.18)
As in the cases discussed before, the physics input (IV.16) fixes the potential apart from the coefficients c.
µ2
1
= 〈Y1〉 = m2t +m2b +m2D, µ32 = 〈Y2〉 = mtmbmD, µ43 = 〈Y3〉 = m4t +m4b +m4D. (IV.19)
Thus, even a huge hierarchy can be accommodated: v0 = 174 GeV , mb = 2.9 GeV and mD = M = 2 · 1013 GeV
(all taken at the scale of the Z boson). The subgroup S4 of SU(3)L×SU(3)R permutes the three 〈Hi〉 values without
changing the minimum.
For calculating the second derivatives of the potential and the three eigenvalues of the corresponding 3× 3 matrix
one has to fix the new coefficients c1, c2, c3 for the present case. As in section 2 and 3 it is suggestive to apply (II.7).
One obtains this way:
c1 =
m2b +m
2
t +M
2
4M2
, c2 =
(mbmt)
5/3M2/3
m2bm
2
t +m
2
bM
2 +m2tM
2
, c3 =
1
16
(m4b +m
4
t +M
4)3/2
m6b +m
6
t +M
6
. (IV.20)
With these coefficients the spontaneous symmetry breaking of the SU(3)L×SU(3)R Higgs fields leads to the masses
M1(〈H〉) = 2.83 · 1013 GeV, M2(〈H〉) = 2.15 · 105 GeV, M3(〈H〉) = 123 GeV. (IV.21)
The value of V at the minimum turns out to be −0.313 M4.
The most uncertain mass in (IV.21) is M2. The reason is that the value µ2 which determines c2 differs strongly from
µ1 and µ3. For instance, if one would replace in (II.7) µi by the general mass scale M there would be no change of
the numerical results given in (II.9), and no change for M1 and M3 in (IV.21). But M2 would get a very high mass
value. Fortunately and remarkably, the interesting light Higgs mass M3 is insensitive to changes of scales:
The value M3 is independent of M for large M and independent of mb for mb << v0. One finds
M3 = mHiggs =
v0√
2
= 123 GeV. (IV.22)
The two assumptions (logarithmic potentials and ”bootstrap” determination of coefficient factors) are predictive but
speculative. Besides, quadratic divergences can fully ruin the picture given here. However, quadratic divergencies
have their origin in tadpole graphs and tadpole contributions can be subtracted by momentum subtraction or by
other means. Thus, there is a chance that the effective potentials for scalar fields suggested here is useful at least for
phenomenological studies.
6Acknowledgment
I like to thank Dieter Gromes and Matthias Neubert for valuable discussions.
[1] J. C. Pati and A. Salam, Phys. Rev. D 10 (1974) 275; H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32 (1974) 438.
[2] I. de Medeiros Varziels and G.G, Ross, Nucl. Phys. B 733, 31 (2006), hep-ph/0507176.
[3] S. Morisi, M.Picariello and E.Torrente-Lujan Phys. Rev. D75, 075015 (2007), hep-ph/0702034.
[4] W. Grimus and H. Kuhbock, Phys. Rev. D 77, 055008 (2008), hep-ph/0710.1585.
[5] F. Bazzocchi, M. Frigerio and S. Morisi, Phys. Rev. D78, 116018 (2008), hep-ph/0809.3573.
[6] B. Stech and Z. Tavartkiladze, Phys. Rev. D 77 (2008) 076009, hep-ph/0311161].
B. Stech, Fortsch.Phys. 58 : 692-698 (2010), hep-ph/1003.0581.
[7] S. Pakvasa and H. Sugawara Phys. Lett. B82 (1979) 105.
[8] C. Hagedorn, M. Lindner and R. N. Mohapatra, JHEP 0606 (2006) 042;
